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Abstract. Nonlinear wave propagation plays a crucial role in the functioning of many physical
and biophysical systems. In the propagation regime, disturbances due to the presence of local
external perturbations, such as localised defects or boundary interphase walls have gained great
attention. In this article, the complex phenomena that occur when sine-Gordon line solitons
collide with localised inhomogeneities are investigated. By a one-dimensional theory, it is shown
that internal modes of two-dimensional sine-Gordon solitons can be activated depending on the
topological properties of the inhomogeneities. Shape mode instabilities cause the formation
of bubble-like and drop-like structures for both stationary and travelling line solitons. It is
shown that such structures are formed and stabilised by arrays of localised inhomogeneities
distributed in space. Implications of the observed phenomena in physical and biological systems
are discussed.
1. Introduction
The propagation of nonlinear waves in inhomogeneous media has captured much recent interest
in physics and biophysics [1]. Nonlinear pulse excitations regulate the functioning in many
physical models of biological systems, such as the Purkinje’s fibres of the cardiac muscles [2, 3],
neural fibres [4], DNA chains [5,6] and muscular networks [7]. The study of the effects that can be
produced on these regulatory signals by the presence of spatial inhomogeneities, such as localised
injuries and necrotic sites, has gained major interest in recent works [3, 8, 9]. For instance,
injuries in the heart muscular tissue may produce annihilation, transmission or reflection of
incident waves, depending on the geometrical size and shape of the defects. These disturbances
may produce a disorder in the rhythmic contractions of the muscular walls, leading to cardiac
arrhythmias and different pathologies [3]. A similar situation occurs in the propagation of
topological one-dimensional solitons in DNA chains, which has been considered as a suitable
model to explain the formation of open states or bubbles in the double helix [8]. This bubble
formation is an essential mechanism for the regulation and control of gene transcription [5, 6].
Structure heterogeneities in the DNA chain and the presence of boundary interphase walls may
affect the propagation regime of these regulatory signals during replication processes.
In the scattering of waves by localised defects, a crucial point to consider is that nonlinear
waves exhibit a highly complex behaviour. Transmission, reflection, and annihilation are far from
being the only possible phenomena that may occur. Indeed, solitons with an internal structure,
such as sine-Gordon (sG) kinks and breathers, may produce many remarkable phenomena when
colliding with localised inhomogeneities. The main phenomenon is the internal mode instability
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[10, 11], which may cause the breaking of solitons, the formation of multikinks, the creation
of kink-antikink pairs and the formation of localised structures [12, 13]. The formation of such
structures in sG systems may have important implications not only in biological systems [1], but
also in physical systems such as Josephson Junctions (JJs) [14] and ferromagnetic materials [15].
In this article, we investigate the complex phenomena exhibited by a two-dimensional sG
system with localised inhomogeneities. Formation of localised structures with bubble-like
and drop-like shape are produced in two situations: (a) for line solitons trapped by a single
localised inhomogeneity, and (b) for travelling line solitons colliding with an array of localised
inhomogeneities. The structure formation is understood using the one-dimensional theory of
activation of internal modes in sG solitons. The outline of the article is as follows: Section 2
gives an overview of the one-dimensional theory of activation of internal modes of sG kinks under
the action of inhomogeneous external forces. In Sec. 3 the two-dimensional model is introduced,
and the internal mode instabilities of line solitons are studied. To avoid any scattering effect,
we consider steady line solitons. In Sec. 4, the scattering of line solitons with a spatial array of
localised inhomogeneities is investigated. Finally, Sec. 5 gives some concluding remarks.
2. Preliminaries
In this section, an overview of well-known preliminary results of sG kinks under the action of
external forces is given. These results provide the theoretical framework for the understanding
of the phenomena reported in the subsequent sections.
2.1. Kinks driven by homogeneous external forces
The driven and damped two-dimensional sG system is a particular case of the more general
nonlinear Klein-Gordon (KG) system
∂ttφ(r, t)−∇2φ(r, t) + γ∂tφ(r, t)−G(φ) = f, (1)
where r = (x, y), γ is a linear-damping coefficient, f is a constant external force and
G(φ) = −∂U(φ)/∂φ, with the nonlinear potential U(φ) possessing at least two minima separated
by a barrier. It is well known that these two minima are fixed points of the associated dynamical
system, and that kink solutions are heteroclinic trajectories joining such fixed points [16].
For sG systems, the potential function is given by U(φ) = 1 − cosφ [17], and the equation
(1) for f = 0 has the well known stationary kink-antikink solutions (line solitons), given by
φ±(r) = 4 arctan exp (±x). Here, φ+ and φ− reads for the kink and antikink, respectively.
A space independent force with a constant value f leads to an effective potential of the form
Ueff (φ) = U(φ) − fφ. In this case, kink solutions exist for equation (1) only if this effective
potential still have at least two minima separated by a barrier. That condition ceases to be
fulfilled for a certain critical value fc of the external force. When f > |fc| kink solutions do not
exist, which means that an initially at rest kink will be destroyed by the external force [18,19].
The exact value of fc depends indeed on the particular potential function of the system. For
instance, using the sG potential, minima φj (j = 0, 1 . . .) of the effective potential satisfy the
equation sinφj = f , which has no real solutions for φj if |f | > 1. Thus, the critical value is
fc = 1 for sG systems.
If f < |fc|, kink solutions in perturbed sG systems exists, and its dynamics in the
neighbourhood of fixed points and separatrices can be investigated using the so-called qualitative
theory of dynamical systems [20–25]. Based on this, it is possible to generalise the results to
other equations that are topologically equivalent to those with the exact solutions [11,26].
2.2. Soliton breaking by inhomogeneous forces
In the sense of the qualitative theory of dynamical systems, for a general x-dependent force
F (r) = f(x), it is known that a zero of f(x) at x = x∗ is an equilibrium point for the centre-
of-mass position of the kink [11, 18, 26, 27]. The equilibrium is stable if df(x)/dx|x=x∗ > 0,
and unstable if df(x)/dx|x=x∗ < 0. If the kink is on a stable equilibrium point, the shape and
position of the kink will be recovered for any initial perturbation [11]. On the contrary, if the
kink is in an unstable equilibrium position, it is stretched by the inhomogeneous force that is
acting on its body in opposite directions. The value fc is the limit of |f(x)| that the kink can
resist the stretching without being destroyed [19]. If |f(x)| > fc∀x, the force will destroy the
line soliton.
Notwithstanding, there is a more subtle mechanism for the kink destruction when |f(x)| > fc
only in a localised region in space. This mechanism is the internal mode instability [25]. In
one-dimensional systems, the stability analysis of internal modes of sG kinks has been solved
exactly [10,11]. The procedure starts by introducing the ansatz
φ(x) = 4 arctan exp (±Bx) , (2)
where B is a parameter that controls the width of the kink. Solving an inverse problem, one
obtains that equation (2) is a solution of the one-dimensional sG equation if the external force
is given by
F (x) = 2(B2 − 1)sinh(Bx)sech2(Bx), (3)
which is an antisymmetric spatial function that vanishes exponentially for x → ±∞. For
increasing (decreasing) values of B, the force is less (more) localised in space and has decreasing
(increasing) extreme values. Thus, the parameter B also controls the extreme values and the
extension of F (x) in space. Interactions of DNA special sites with ligands or perturbation of
fluxons by dipole currents in JJs are typical examples of strong and local external influences
with the same topological form as equation (3) [5, 28]. From the stability analysis follows that
the first stable internal shape mode arises for 1/6 < B2 < 1/3, while for B2 < 1/6 many other
internal modes can appear. For B2 < 2/[Λ∗(Λ∗ + 1)], where Λ∗ = (5 +
√
17)/2, the first internal
mode becomes unstable, leading to soliton breakups and shape instabilities [10, 11, 18]. These
instabilities play a central role in the formation of structures reported in the following sections.
3. Stationary line solitons in the presence of a single localised inhomogeneity
Following the one-dimensional system, consider the two-dimensional perturbed sG equation
∂ttφ(r, t) = ∇2φ(r, t)− sinφ(r, t)− γ∂tφ(r, t) + F (r), (4)
where the inhomogeneous force F (x, y) is given by [13]
F (x, y) = 2(B2 − 1)sech(Bx)tanh(Bx)e−y2/σ2 , (5)
and a real parameter σ has been introduced to control the spread of the force in the y-direction.
Figure 1(a) shows the force of equation (5), which represents a single localised inhomogeneity
centred at the origin. The point x∗ = 0 will be an equilibrium point for two-dimensional
kinks. The external force of equation (5) is physically realisable in real experiments. Indeed,
the sG equation (4) with this kind of external perturbation models the propagation of fluxons
in two-dimensional JJs with a current dipole device inserted into one of the superconducting
electrodes [13,28,29].
This section shows how the inhomogeneity of equation (5) affects the dynamics of a line
soliton, having a special focus on the dynamics of the soliton internal structure. To avoid
any scattering effect, consider an initially at rest kink with its centre-of-mass located at the
equilibrium point. This initial condition is depicted in the inset of figure 1(a) and is given by
φ(x, y, 0) = 4 arctan exp(x/L) with ∂tφ(x, y, 0) = 0, where L is an arbitrary parameter. We
(a)
(c) (d)
Figure 1. (Colour online) (a) Inhomogeneous force of equation (5) for B = 0.1 and σ = 15.
The inset shows the static line soliton used as initial condition in the numerical simulations of
section 3. (b) A drop-like structure after 10 000 time iterations for B = 0.28 and σ = 8.9. The
inset shows the elliptic-like structure that precedes the drop formation. The value of the field φ
is indicated with the same colour scale. (c) A bubble-like structure after 10 000 time iterations
for B = 0.27 and σ = 10. The inset shows the elliptic-like structure that precedes the bubble
formation. (d) A multi-structure formed after 8 300 time iterations for B = 0.1 and σ = 6.
have used an explicit finite difference scheme of the second order of accuracy for the numerical
solution of equation (4), with γ = 0.01 and homogeneous Neumann boundary conditions. The
used regular mesh size is 1 200 × 1 200. The space intervals are ∆x = ∆y = 0.1, and the time
increment is ∆t = 0.02.
Figure 1 shows the main results obtained from numerical simulations. Figure 1(b) shows a
drop-like structure created for B = 0.28 and σ = 8.9. The local instability of the shape mode
leads to a local break-up of the initially at rest line soliton. This initial breaking consists in
a local creation of a pair kink-antikink, giving an elliptic-like structure that grows in time [see
the inset of figure 1(b)]. This kink zone propagates until the localised force is weak enough,
and the contribution of curvature effects and kink interactions are important. The elliptic form
eventually collapses due to the attractive interaction forces between the kink and antikink,
developing a final stable drop-like structure in the negative region of x. Notice that the drop is
sustained by the positive part of the external force. A kink is still present in the system due to
the conservation of the topological charge and propagates towards the negative x-direction with
a velocity v, as showed in figure 1(b).
If we proceed to diminish the value of B, the preferred structure is one with the reverse
topological charge: a bubble-like structure. Figure 1(c) shows a bubble-like structure created
for B = 0.27 and σ = 10. In this case, the force is extended enough in the x-direction to prevent
the collapse and sustain the walls of the elliptic form, forming a bubble sustained by the negative
part of the force. The mechanism of bubble formation is similar to the drop formation, giving
that both are preceded by an elliptic-like form that grows in time [see inset of figure 1(c)]. Over
a critical value of the elliptical area, the kink-antikink interaction is too weak to produce the
collapse of the bubble. In this case, the external force supports the structure. Otherwise, the
external force cannot sustain the walls of the bubble and the structure collapses by kink-antikink
interaction, triggering the formation of a drop-like structure. Therefore, the interplay of both
parameters B and σ will determine which kind of structure will be formed. Indeed, further
numerical simulations have show that these instabilities in sG kinks can be activated varying
any of both parameters B or σ [13].
If we continue further diminishing the values of parameters B and σ, it is expected that
the line soliton will exhibit more complex phenomena due to the local destabilisation of more
internal modes. Indeed, there is a coexistence region in the parameter space where a bubble
and a drop merge in a stable structure, like the bubble-drop bound state depicted in figure 1(d)
for B = 0.1 and σ = 6. From the one-dimensional theory, it is known that for B . 0.2564 the
formation of two-kink solitons occurs [12]. The later explains the two-kink profile of the bubble
showed in figure 1(d). More complex multi-structures can be observed for smaller values of B
and σ, such as multi-kink bubbles and drops.
Notice that the localised structures showed in Fig. 1 are called bubbles and drops giving
that the equation (4) also appears in the description of structural phase transitions [13, 30, 31].
The results of this article can be interpreted as the driving of a system to a new phase by the
activation of a local instability.
4. Scattering of solitons in an array of localised inhomogeneities
In order to simulate some real situations in physical and biological systems, this section deals
with travelling line solitons that collide with a distribution of localised inhomogeneities. Consider
in equation (4) the following spatial distribution of inhomogeneous forces
F (x, y) = Fo + 2
4∑
i=1
(B2i − 1)sech [Bi(x− xi)] tanh [Bi(x− xi)] e−(y−yi)
2/σ2 , (6)
where Fo = 0.1 is a constant homogeneous contribution to the total external force, (xi, yi) is the
coordinate-position of the core of the i-th inhomogeneity, Bi is its respective control parameter,
σ = 10, and i ∈ {1, 2, 3, 4}. Notice that the inhomogeneous contribution of force (6) is given
by the superposition of forces of the same form as equation (5).
The position of the inhomogeneities are fixed for all simulations in this section, and are
given by r1 = (−15, 25), r2 = (15, 25), r3 = (−15,−25) and r4 = (15,−25). With these
coordinates, the inhomogeneities are placed at the vertices of a rectangle centred at the origin.
The initial condition is given by φ(x, y, 0) = 4 arctan exp[(x−xo)/L] with ∂tφ(x, y, 0) = 0, which
is an initially at rest line soliton placed some distance away from the array of inhomogeneities.
The initial x-coordinate of the centre-of-mass of the kink is given by xo = 50. Due to the
homogeneous part of the force (6) and the damping term of equation (4), the line soliton
accelerates towards the negative x-direction before reaching an asymptotically constant velocity.
When the soliton collides with the inhomogeneities, many remarkable phenomena may occur due
to possible internal mode instabilities.
Figure 2(a) shows the results from numerical simulations for B1 = 0.27, B2 = 3.0,
B3 = B4 = 0.3, and γ = 0.5. For this combination of parameters, the 1st inhomogeneity
activates the internal modes of kinks, while the 2nd inhomogeneity tends to trap them at
Partial collapse
Figure 2. (Colour online) Scattering of travelling line solitons after collisions with a distribution
of localised inhomogeneities. (a) Generation of a bubble induced by the collapse of an echo-
wave, for B1 = 0.27, B2 = 3.0, B3 = B4 = 0.3, and γ = 0.5. (b) Kink transmission for
γ = 0.1, B1 = B4 = 0.27 and B2 = B3 = 1.1. A bubble and a drop remains trapped at
the inhomogeneities after the transmission of the soliton. (c) Kink transmission and formation
of complex interacting structures (bubbles and drops) for σ = 10, γ = 0.01, and Bi = 0.27
(i = 1, 2, 3, 4).
position r2. When the line soliton reaches the first line of inhomogeneities, part of the kink
is deformed due to the collision with the 1st inhomogeneity, while another part is trapped by
the 2nd inhomogeneity. Notice that this initial bent of the soliton is the so-called echo effect
reported in biophysical systems and is considered as responsible for certain types of disorders
and cardiac arrhythmias [3]. This echo-wave is eventually stabilised in size, and forms a stable
bubble-like structure sustained by the 1st inhomogeneity. Notice that the echo-waves observed
in this section have some resemblance with the elliptic-like structures observed in section 3 [see
insets of figure 1(b) and (c)].
For smaller values of γ the soliton reaches the inhomogeneities with higher terminal speeds,
and we would expect the enhancing of the transmission of the soliton across the inhomogeneities.
Figure 2(b) shows the results from numerical simulations for γ = 0.1, B1 = B4 = 0.27 and
B2 = B3 = 1.1. In this case, the 1st and 4th inhomogeneities activate the internal modes of
the soliton. The 2nd and 3rd inhomogeneities tend weakly to trap the soliton. Indeed, when
the kink collides with the first pair of inhomogeneities, the 2nd cannot capture the kink, while
the 1st inhomogeneity produces an echo-effect. This echo-wave eventually collapse and forms a
stable drop, as showed in figure 2(b). A similar mechanism occurs when the line soliton reaches
the second pair of inhomogeneities. However, the speed of the line soliton has diminished due
to previous collisions. The echo-wave generated at the 4th inhomogeneity partially collapse, as
indicated in figure 2(b), but is eventually stabilised and forms a bubble. Thus, the relative speed
of collision also plays an important role in determining which kind of structure will be formed.
A highly complex dynamics is observed diminishing the parameters Bi in the array of
inhomogeneities. Figure 2(c) shows the results from numerical simulations when Bi = 0.27
for all i. After the collision, there is an echo effect followed by the formation of bubbles.
The inhomogeneities cannot sustain such bubbles, and they collapse to form drops eventually.
However, during this drop formation, another pair of bubbles are created in the neighbour
inhomogeneities. In figure 2(c) is clearly seen repulsive interactions between these new bubbles
and the previously formed drops. Notice that these drops also collide, enhancing the formation
of new structures with the topological charge of three around the origin. More complex dynamics
can be observed diminishing the values of Bi or σ.
5. Conclusion
In this article, the formation of localised structures in a two-dimensional sG system has been
reported considering two different scenarios: (a) the presence of a single localised inhomogeneity,
and (b) the presence of an array of localised inhomogeneities. These inhomogeneities are
modelled by a family of topologically equivalent external forces. The localised structures are
formed with a bubble-like and drop-like shape and are sustained by the same inhomogeneities
that create them. The structure creation is entirely due to the dynamics of the internal modes
of the soliton, and not to any scattering effects. However, the internal mode instabilities can
also occur during scattering processes, and exhibit a highly complex dynamics.
As a final remark, notice that the reported phenomena may have important implications in
biological systems. The formation of bubbles, and the trapping and breaking of such structures
by localised inhomogeneities may be related to different functional disorders in similar systems.
Moreover, the study of the stability and transport of such bubbles may give some light on how
to introduce shock perturbations, and produce the desired effects in a controlled way. Gene
transcription in DNA chains can also be regulated by the insertion of this kind of external
perturbations.
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